The mechanism of emergence of robust quantum criticality in Yb-and Ce-based heavy electron systems under pressure is analyzed theoretically. By constructing a minimal model for quasicrystal Yb 15 Al 34 Au 51 and its approximant, we show that quantum critical points of the first-order valence transition of Yb appear in the ground-state phase diagram with their critical regimes being overlapped to be unified, giving rise to a wide quantum critical regime. This well explains the robust unconventional criticality observed in Yb 15 Al 34 Au 51 under pressure.
Quantum critical phenomena, which do not follow conventional spin fluctuation theory, [1] [2] [3] [4] have attracted much attention in condensed matter physics. Unconventional criticality commonly observed in paramagnetic metal phase in heavy-electron systems YbRh 2 Si 2 5) and β-YbAlB 4 6) challenges a paradigm of the magnetic quantum criticality (see Table I ).
Recently, it has been clarified theoretically by the present authors that critical valence fluctuation of Yb is the key origin of emergence of the new type of quantum criticality. 7) We have found that almost dispersionless critical valence-fluctuation mode appears near q=0
in momentum space because of strong Coulomb repulsion of 4f holes at the Yb site. This gives rise to an extremely small characteristic temperature of critical valence fluctuations, T 0 with T 0 T K where T K is a characteristic temperature of heavy-electron systems, i.e., the so-called Kondo temperature. This makes experimentally-accessible low-temperature regime be located at "high-temperature" T/T 0 1 regime, which is the origin of emergence of anomalous criticality in physical quantities. 7) Depending on the flatness of the critical valence fluctuation mode, the uniform magnetic susceptibility χ and the NMR/NQR relaxation rate (T 1 T ) −1 shows χ ∝ (T 1 T ) −1 ∼ T −ζ with 0.5 < ∼ ζ < ∼ 0.7. As shown in Table I , quantum tivity ρ is well explained by the theory of quantum valence criticality, as shown in Table I . 8) This discovery suggests ubiquity of quantum valence criticality. The key origin is considered to be the locality of the critical valence fluctuation mode, which is basically ascribed to atomic origin at the Yb site not depending on the detail of lattice structures such as periodic lattice or quasicrystal.
In Table I Table I does not change.
To get insight into the above fundamental question, here we try to understand the reason why robust criticality appears in Yb 15 Al 34 Au 51 under pressure.
Thus the aim of this Letter is to clarify the key mechanism of the robustness of quantum criticality from the viewpoint of quantum valence criticality. Since the locality of valence fluctuation, i.e., charge transfer between the 4f electron at Yb and conduction electrons at surrounding atoms is considered to be important, we focus on the Yb-Al-Au cluster which is the basic unit of the quasicrystal. We show that quantum critical regime of valence fluctuations is extended to wide region in the phase diagram, which well explains robust criticality observed in Yb 15 Al 34 Au 51 under pressure.
Let us start our discussion by analyzing the Yb-Al-Au cluster. Figure 1 shows concentric Table I . New type of quantum criticality in uniform magnetic susceptibility χ, NMR/NQR relaxation rate (T 1 T ) −1 , specific-heat coefficient C/T , and resistivity ρ. As for valence criticality, T T 0 regime with T 0 being characteristic temperature of critical valence fluctuation is shown (see 7) for detail).
Material/Theory shell structures of Tsai-type cluster in the Yb-Al-Au approximant, which is the basic structure of the quasicrystal Yb 15 Al 34 Au 51 . 8) The approximant has periodic arrangement of the bodycentered cubic structure whose unit cell contains the shell structures shown in Fig. 1(a) -(e). In the second shell, 12 sites are the Al/Au mixed sites (the sites framed in red in Fig. 1(b) ) where the Al or Au atom exists with the rate of 62 %/38 %, respectively. 11) In the fourth shell, 6
sites are the Al/Au mixed sites (the sites framed in red in Fig. 1(d Table I . This implies that locality of valence fluctuation is essentially important. Namely, charge transfer between the Yb site and surrounding atoms is considered to play a key role, which is basically local.
Hence we concentrate on the Yb-Al-Au cluster shown in Fig. 1 .
To construct a minimal model, we employ the result of recent experiment in
Yb 15 Al 34 Au 51 : 10) The same measurement as in Table I performed by replacing Al with Ga has revealed that quantum critical behavior in the physical quantities disappears. This sug-gests that conduction electrons at the Al site contribute to the quantum critical state. Hence we consider a simplest minimal model for the 4f-hole orbital at the Yb site and conduction-hole orbital at the Al site:
where f † jσ ( f jσ ) and c † jσ (c jσ ) are creation (anihilation) operators of the f hole and the conduction hole at the j-th site with spin σ, respectively, and n (5) η denotes the summation of the nearest-neighbor Al sites on the 5th shell for each Al site on the 4th shell ( Fig. 1(d) ). The third and fourth terms represent the f-hole energy level ε f and onsite Coulomb repulsion U on the 3rd shell ( Fig. 1(c) ), respectively. The fifth term represents the hybridization V iη between f and conduction holes, where 12 i=1σ (α) η denotes the summation of the nearest-neighbor sites on the α-th shell (α=2, 4, or 5) for each i-th Yb site on the 3rd shell.
The last term represents the inter-orbital Coulomb repulsion U fc . This term has been shown theoretically to be essentially important to cause the quantum criticality of Yb-valence fluctuations. 7, 12) We note that in YbRh 2 Si 2 , Yb 3d-4f resonant photoemission measurement has revealed recently that Yb 5d electrons contribute to the energy band located at the Fermi level. 13) This strongly suggests importance of inter-orbital Coulomb repulsion between the 4f and 5d states due to its onsite nature. As for Yb 15 Al 34 Au 51 , we expect that charge transfer between 4f and conduction states is also considerably influenced by the Yb 5d state which is considered not only to contribute to U fc but also to hybridize with the conduction states at surrounding atoms since 5d wave function is spreading to a certain extent. Here, we introduced the U fc term between the 3rd (Yb) shell and the conduction states at the surrounding Al sites to express this effect most simply as in eq. (1) instead of introducing the 5d orbital at each Yb site explicitly. We note that quantum valence criticality in Table I is 
(2,4,5)
for i = 1, .., 12.
Since we now consider the Yb-Al-Au cluster without periodic lattice structure, Fourier transformation to momentum space which diagonalizes the mean-field Hamiltonian is not available to solving eqs. 
where the matrix g is given by g ≡ ( t φ σ φ σ ) −1 . By using eq. (4), f † iσ f iσ and f † iσ c ησ in eqs. (2) and (3) are calculated. The calculation scheme is summarized as follows: 1) First we assume a set of the mean fields λ i and b i for i = 1, .., 12. 2) Then the mean-field Hamiltonian is set.
3) By diagonalizing the Hamiltonian matrix, we obtain the N σ eigen vectors corresponding to the eiven values from the lowest one to the N σ -th lowest one, which constitute the Slater matrix φ σ . 4) By using eq. (4), we calculate totally 24 mean-field equations of eqs. (2) and (3). 5) By using the multi-variable Newton method or the iterative method, we obtain the set of mean-fields λ i and b i for i = 1, .., 12 for the next step. The above procedure from 1) to 5) is repeated until the mean-fields which satisfy eqs. (2) and (3) within the required accuracy are obtained.
We consider the case that Al atoms are located at the Al/Au mixed sites in the 2nd shell and 4th shell with inversion symmetry with respect to the cluster center as shown in Figs. 1(b) and 1(d), respectively. Due to this symmetry, the number of the mean fields can be reduced from 12 to 6 for λ i and b i , which makes calculation simpler.
To understand the fundamental nature of this system, here we set t Fig. 2 . This result can be understood qualitatively on the basis of the mean-field picture, as follows. Let us focus on the single f orbital at the i-th site on the 3rd shell (see Fig. 1(c)) . When the f level is located at a deep position, i.e., ε f is small enough in eq. (1), one f hole is located at the i-th site with n f i = 1, as a result of on-site strong hole correlations caused by U = ∞. As U fc increases, at the point which satisfies
with µ being the chemical potential, n to move up to the Fermi level to avoid the energy loss due to U fc (see eq. (5)).
When V is set to be the larger value, the location of the VQCP is shifted to the smaller-ε f and larger-U fc direction in the ε f -U fc phase diagram since larger V promotes charge transfer between f level and conduction states. In the case of the smaller V, the VQCP is shifted to the larger-ε f and smaller-U fc direction. Now let us consider the 6 f-orbitals on the i-th site (i=1∼6) on the 3rd shell (see Fig. 1(c) ).
Since Al is located with a certain rate at the Al/Au mixed sites on the 2nd and 4th shells, as shown in Figs. 1(b) and 1(d) , respectively, each f site is not equivalent. For instance, let us focus on the c-f hybridization between the 2nd and 3rd shells. As seen in Figs. 1(b) and 1(c) , the f orbital at the i=1 Yb site hybridizes with the conduction orbitals at the three Al sites on the 2nd shell. On the other hand, the f orbital at the i=6 Yb site only hybridizes with the conduction orbital at one Al site on the 2nd shell. Other f orbitals at the i-th Yb site for i = 2, 3, 4, and 5 have the hybridization paths on the 2nd shell in between. Namely, "effective c-f hybridization strength" with the 2nd, 4th, and 5th shells is different each other for the As ε f increases from a deep position, n f 1 first changes at the FOVT as well as valencecrossover line (see Fig. 2(a) ) since the effective c-f hybridization is strongest among i=1∼6.
When ε f exceeds the FOVT or valence-crossover line for i = 1, charge transfer from the f orbital at the i = 1 Yb site to the conduction orbitals at the surrounding Al sites occurs. Then the Fermi energy µ in eq. (5) is determined under the rearrangement of total holes in this system. As ε f further increases, charge transfer occurs similarly when eq. (5) is satisfied for µ set under the rearranged total holes for i = 5, 4, 2, and 3, as shown in Figs. 2(e), 2(d), 2(b), and 2(c), respectively. Finally, the f orbital at the i = 6 Yb site which has the smallest effective c-f hybridization shows the FOVT with the VQCP, as shown in Fig. 2(f) .
An important result is that VQCP's appear as islands in the ε f -U fc phase diagram as shown in Fig. 2 , which makes critical regime enlarged. Actually, total valence susceptibility Fig. 3 corresponding to experimental observation of criticality exhibit that critical valence fluctuations arising from each VQCP spot located closely are unified and hence the wide quantum critical regime appears in the ε f -U fc plane. Note that although we now consider the case with inversion symmetry on the Al sites (see Fig. 1 ), in reality, absence of the symmetry gives rise to 12 VQCP spots but not 6 spots per an Yb-Al-Au cluster. This makes the critical regime be further enlarged in the ε f -U fc phase diagram.
When pressure is applied to Yb-based materials, electrons located at the surrounding atoms approach the tail of wavefunction of the 4f electron at Yb, which makes the energy level of the crystalline electronic field increase. 15) In the hole picture, this corresponds to decrease in ε f in eq. (1). Since U fc is considered to increase under pressure in general, applying pressure to the Yb-based system corresponds to moving on the line toward the left-increasing direction in the ε f -U fc phase diagram in Fig. 3 . Then in case that applying pressure follows the line in the enhanced critical regime, robust criticality is realized, which offers an explanation for robust criticality observed in Yb 15 Al 34 Au 51 under pressure. 8) Present analysis provides the core model both for quasicrystal and approximant: By further considering outer concentric shells in Fig. 1 , quasicrystal structure is constructed, while by considering periodic arrangement of the concentric shells in Fig. 1 as a unit cell, approximant is constructed. Although comparison of the electronic states in the bulk limit of both systems should be made for complete understanding of each system, the fundamental properties clarified here are considered to be unchanged even in the bulk limit since valence fluctuation is ascribed to atomic origin so that locality is essential. Namely, our result seems to be applied not only to systems with quasi-periodicity but also to those with periodicity of the lattice arrangement. Here we point out a possibility that difference in critical behavior between quasicrystal and approximant 8) may be ascribed to the location of the phase diagram:
The former is located in the enhanced critical valence fluctuation regime as noted above and the latter seems slightly away from it.
Emergence of a wide critical regime in the phase diagram offers a natural explanation for why quantum critical behavior was observed in materials without tuning control parameters in Table I To summarize, we have shown that robust criticality of valence fluctuation can appear in Yb-based heavy electron systems under ambient as well as applied pressure. This mechanism is considered to play a key role in Yb 15 Al 34 Au 51 and is expected to have broader applicability also in the other Yb-and Ce-based heavy electron systems.
